The paper presents a diagrammatic representation of a standard interval space (the so-called MR-diagram), and shows how to represent and perform interval arithmetic and derive its various properties using the diagram. The representation is an extension and refinement of the IS-diagram representation devised earlier by the author to represent interval relations. First, the MR-diagram is defined together with appropriate graphical notions and constructions for basic interval relations and operations. Second, diagrammatic constructions for all standard arithmetic operations are presented. Several examples of the use of these constructions to aid reasoning about various simple, though nontrivial, properties of interval arithmetic are included in order to show how the representation facilitates both deeper understanding of the subject matter and reasoning about its properties.
Introduction
Interval arithmetic, starting from early papers by Warmus [41, 42] and Sunaga [39] , through a series of monographs and textbooks [1, 11, 29, 31] , is already a well-established field providing mathematical and computational tools for modelling systems with uncertainties [23, 24, 36] , and for fully controlling rounding errors in computation. Recently, also the field of fuzzy sets methods relies more and more on interval formulations (through the so-called α-cut approach [5] ). Another important source of interval research originated from the work on reasoning with time intervals in AI [2, 6, 21] , where the notion of arrangement interval relations has been developed and extensively studied.
Some graphical aids were used in interval research from its very beginning [7, 8, 14, 39, 42] , especially in the time interval research [32, 37] , albeit only sporadically and to a very limited extentonly as illustrations for some simple concepts. The Kaucher dissertation [14] is the most interesting here -the unpublished dissertation contained several diagrams, some of them using essentially the same concept of interval space as presented here, but further published works by Kaucher do not contain any diagrams of this sort. It seems that systematic investigation of interval space diagrams and their applications started only with the works by the author of this paper [18, 19, 21] .
Diagrammatic representation and reasoning became recently a field of intensive research, starting from basic theoretical works on the fundamentals of the use of diagrams for representation of knowl-edge and formal reasoning, concerning both its psychological and cognitive sources [9, 26] and mathematical foundations [3, 10, 20, 40] . Applications in various fields are also devised and investigated, like in qualitative analysis of physical systems [16, 24] , visual programming, graphical interfaces, and mathematics [4, 9, 10, 17, 19, 20, 21] . In this paper we will argue that the diagrammatic representation of interval space may become an important addition to the repertoire of tools of interval researchers, in a somewhat similar manner as a complex plane representation facilitated the development of complex analysis [30] . As such, it is not intended as an education or presentation aid only. Also, diagrams are not proposed here to either replace textual representation (including formulas), or to be a mere illustration for it, but rather to be used as yet another, parallel and commensurate kind of representation, sometimes augmenting text and formulas, sometimes making some point more transparent, or pointing out some inner relationships not apparent in formulas alone [30] .
The paper constitutes a much shortened version of the two-part report [22] , containing a comprehensive diagrammatic formulation of interval arithmetic, together with basics of the diagrammatic theory of interval relations (covered in more detail by Kulpa in [19, 21] ). It concerns the standard interval arithmetic in the interval space I4. Diagrammatic representations for extended interval arithmetics, especially arithmetic of directed intervals, also called Kaucher arithmetic [14, 15, 28, 38] , and Kahan arithmetic [13, 27] will be the subjects of separate works. Section 2 summarises basic notions and notation used in the paper. Section 3 contains definitions of the basic diagrammatic tools used for representing the space of intervals -namely the MR-diagram and associated graphical notions and terminology used. In Section 4, basic interval classes and functions on intervals are presented diagrammatically. Section 5 presents diagrammatic constructions for all standard arithmetic operations on intervals: negation, addition, subtraction, multiplication, inverse (reciprocal), and division. The discussion of the simple interval equations v + x = u and v · x = u is included there too -diagrammatic constructs are used to neatly summarise the conditions for solvability of those equations and the reasons for their somewhat peculiar behaviour for interval arguments.
Several diagrammatic (or diagram-aided) demonstrations and explanations of certain simple, though nontrivial properties of interval arithmetic are included there as well. They show how the representation facilitates more comprehensive understanding of those properties, and how it can be used as a reasoning tool in this field. The exposition is intentionally elementary, since its main goal is to explain the new diagrammatic constructions as clearly and unambiguously as possible.
The examples of diagrammatic reasoning included in the paper are rather informal. Although they can be made fully formal, like in various other diagrammatic reasoning systems [3, 4, 10, 12, 40] , such a formulation of the representation and proofs would be a little tedious here. Hence the use of the term "demonstration" rather than "proof" for these more or less informal proofs given in the paper.
Basic definitions and notation
The notation used in this paper follows in general that of [35] , with minor modifications and some additions. Modifications consist mostly of wider use of an operator instead of functional notation for basic interval functions (in order to minimise the number of superfluous parentheses in formulas), as well as substituting the operator notation for some common Greek-letter notation (e.g., for the χ-function). Additions constitute, among others, an occasional use of a variant of lambda notation, first introduced by Warmus [41] , and, in part motivated by that notation, an introduction of a new short symbol for the radius of an interval.
For the purpose of this paper, we define a (proper) real interval u as a closed, compact and bounded subset of the set of real numbers 4 such that u u u u
where u u ≤ and u = inf u, u = sup u are endpoints of the interval u. The generic interpretation of a real interval is as a sort of imprecise or uncertain real number, of which we know that its precise value lies somewhere between the endpoints of the interval. By ũ we shall denote any element of the interval u. The interval is called
Thin intervals for most purposes can be identified with corresponding real numbers. Since the over-and under-dash notation for interval endpoints becomes impractical when the argument is given as some complicated expression, we will occasionally use the operator notation for endpoints: u = lb u, u = ub u.
The midpoint and radius of an interval u are defined as:
Since u u ≤ for real intervals, we have always û≥ 0. As midpoint and radius are uniquely determined by the interval endpoints (and vice versa), an interval can be equivalently represented by them, since
For this representation, it is convenient to use the lambda notation [41] , based on an analogy with standard notation for complex numbers:
where Λ = [-1, 1], and the "±" notation is a convenient shorthand used in this paper.
The set of all real intervals is denoted by I4 and called a (real) interval space.
Interval space diagrams
As it follows from the definitions above, the space I4 of intervals is two-dimensional, hence it can be represented diagrammatically on a plane. The two coordinates of an interval can be selected in various ways. The most straightforward is the choice of interval endpoints as coordinates -this choice leads to the so-called E-diagram (a shorthand for "endpoints diagram"), used e.g. in [7, 8, 29, 32, 37, 42] . It has, however, certain drawbacks making it awkward for most practical uses. After some experiments with the midpoint-width space [18] , I have settled finally on the midpoint-radius choice of coordinates, leading to the MR-diagram. It goes in accord with several opinions to the effect that the midpoint-radius representation has many advantages in various applications and theoretical considerations -the opinion already implicitly exposed in the early papers [39, 41, 42] . In the first papers on the [19, 21] , it was called an IS-diagram (a shorthand for interval space diagram); however, since all diagrams of this type are "interval space diagrams", finally the name "MR-diagram" (indicating in the name the coordinates used: "midpoint-radius diagram") has been adopted.
MR-diagram
Other, rather exotic coordinate choices were considered by Ratschek [34] , with the aim of finding a space in which the interval multiplication can be done component-wise (like addition in standard vector spaces). A three-dimensional space with this property has been indeed found and presented there; in addition, it was proven that there does not exist a space in which both addition and multiplication of intervals can be simultaneously done component-wise. and lines defined by a given interval (c).
The MR-diagram
The MR-diagram represents the space I4 of real intervals using the (midpoint, radius) = (m, r) coordinates. A drawing using these coordinates was first used by Warmus [42] to illustrate classification of (extended) intervals (see Sec. 4 below). A number of drawings using this coordinate choice appeared also in [14] .
A graphical definition of the MR-diagram is given in Fig. 1a . Note that a standard interpretation of an interval -as a segment of the real number line (the Om axis) -is here easily represented too.
Hence, the endpoint representation of intervals can also be easily handled in this diagram (while the E-diagram is awkward to use with the midpoint-radius representation). Given any two of the four basic interval parameters ( u , u , u ¡, û ), the point representing the appropriate interval can be uniquely 
Basic interval types and functions
The main classes of intervals can be nicely represented in a MR-diagram, see Fig. 2 , and their definitions in terms of basic interval parameters can be easily extracted from it (cf. Fig. 1 ). The formulas are omitted here for brevity (see the report [22] for details). Table 1 contains their definitions in terms of MR-diagram regions.
Certain functions of basic interval parameters are useful to quantitatively describe the type of an interval. They characterise the relative extent of an interval with respect to its position (midpoint, or endpoints), that is, the relative degree of uncertainty of the number approximated by the interval. The basic functions here are the endpoint-ratio function epr and its reciprocal:
When u = 0 (for epr u) or u = 0 (for 1/epr u), the value of the corresponding function is undefined; for some purposes it may be considered to equal ±∞. The most used in the literature is the so-called χ functional introduced by Ratschek [33, 35] which is defined in terms of the above functions:
In this way, the chi function is always defined, and -1 ≤ chi u ≤ 1.
Finally, the relative-extent function rex, used mostly in this paper since it is natural for the midpoint-radius representation, is defined as:
(1)
For u ¡ = 0 it is assumed that the value of rex equals ±∞. For u = [0, 0] the value of both chi u and rex u is the same as for zero-symmetric intervals, i.e., the zero interval is assumed to belong to the Or+ axis. The value of any of these functions is the same for intervals with the same α = arg u parameter, i.e., for intervals lying on the same radial line in the MR-diagram (excluding the zero interval). It is therefore possible to draw polar graphs of them directly in the MR-diagram, see Fig. 3 . Note the labels and on the graphs that indicate the sign of an appropriate branch of the given function.
We call the interval u more extended (or more uncertain) than the interval v when |rex u| > |rex v|, i.e., when u lies above the radial line Ov of the interval v in the MR-diagram (and hence, v lies below the radial line Ou of u). Obviously, thick intervals are always more extended (more uncertain) than thin intervals (i.e., reals). When |rex u| = |rex v| (thus, Ou = Ov, ignoring the orientation), u and v have the same extent (are equally uncertain). As it easily follows from the definitions, u and v have the same extent iff u = t · v for some t ∈ 4, t ≠ 0. The absolute value of the relative extent that is larger than or equal to unity, i.e. |rex u| ≥ 1, characterises intervals containing zero, which exhibit some peculiar properties, especially with respect to multiplication and division, while less extended intervals behave much more like ordinary real numbers. The over-unity extent means that the interval becomes "too wide" to still remain similar to a "sharp", ordinary real number.
The functions epr, 1/epr, and rex, considered as functions of α = arg u, have well-defined inverses and are of essentially the same shape (namely, that of tan α), only phase-shifted in various ways, while the chi function is a piece-wise combination of epr and 1/epr, and has no (single-valued) inverse. Table 1 . Interval classes defined in terms of rex and chi functions.
Class of u MR-diagram region
Using rex u Using chi u containing zero on or above lb0-ub0
between lb0 and Om+ 0 < rex u < 1 -thick negative between ub0 and Om-
The basic interval classes can be distinguished by simple conditions on the (range of) values of these functions, as shown in Table 1 (cf. Figs. 2 and 3 ). Note that several classes of intervals cannot be distinguished using conditions on the values of the chi function alone (unless we put conditions on the differential of the function), while the rex function distinguishes them easily. This is due to chi being not a one-to-one function of α. Only two classes "thin positive" and "thin negative" cannot be distinguished by specific values of either rex or chi function. Thus, the rex function seems to work better as a tool to characterise classes of intervals.
Magnitude (or absolute value) of an interval represents the largest distance of the interval contents from zero (see also a diagrammatic representation in the report [22] ):
The (interval) hull of two intervals (possibly thin) is defined as the smallest interval containing the two given intervals:
As it is easy to see from the diagram (Fig. 4a) :
Hence, the "∨" operation is a lattice operation (join) in the lattice of intervals (with partial order ⊆).
The hull operation can be naturally extended to an arbitrary bounded set of intervals (or reals), as demonstrated in Fig. 4b . 
Interval arithmetic in the MR-diagram
Operations and functions on reals are naturally extended to interval operands as follows:
For many operations, including standard arithmetic operations of addition, negation, subtraction, multiplication, inversion (reciprocal), and division, the resulting set is also an interval that can be defined in terms of parameters of the argument intervals (the formulas for the midpoint representation were first given by Warmus [41] ):
It is also useful to write explicitly the formulas for multiplication by a real number a ∈4:
A number of non-standard arithmetic operations (e.g., so called inner operations [28] ) are also in use. Their diagrammatic representations require only small modifications to the diagrams below. The extended diagrams and useful properties of these operations will be published separately.
Addition, negation, and subtraction
These are the simplest arithmetical operations. For intervals, addition behaves similarly as for (twodimensional) vectors, or for complex numbers. However, important differences exist for negation and subtraction. As a consequence, subtraction is not an inverse operation to addition. Thus, the interval 
Addition of intervals.
Adding a number, say a (i.e., a thin interval, one lying on the Om axis) to an interval amounts simply to horizontal move (translation, see [21] ) of the interval by the distance a (using the sign of a to indicate the direction of the movement), just as for addition of two reals on the Om axis. Constructions for adding reals, and a real to an interval, are given in the report [22] . Addition of two thick intervals is straightforward (see Fig. 5 ). We construct a set (shown with thick grey line in Fig. 5 ) of all sums of the interval u and numbers belonging to v, and then find the hull of this set. This hull is obviously equal, first, to the hull of the set containing sums of all numbers contained in u and v (namely, {ũ +ṽ | ũ ∈u & ṽ ∈v}, see Eq. (2)), and second, to the hull of its endpoints {u + v , u + v }. Thus, it is enough to construct these endpoints only, performing the "add a number to an interval" operation just twice. Using formulas, starting with Eq. (1), we have:
Since interval addition is commutative, conducting this construction in reverse order produces the
For details, see diagrams in the report [22] . The parallelogram-based demonstration of commutativity provided in that report leads directly to the wellknown parallelogram construction for vector addition. Indeed, as addition of intervals works componentwise (in both endpoint and midpoint-radius representations, see Eq. (3)), intervals do add like ordinary vectors. The familiar diagrams are provided in the report [22] . In this paper, Figs. 7 and 8 use the construction -to add, say, v to u we draw a vector from 0 to v, then move it to put its beginning at u, when it endpoint gives the sum u + v. 3), from among the four basic parameters of an interval, the radius is not negated by the change of sign of an interval. That has important consequences for interval arithmetic, as will become clear later. Also, only one real number is equal to its negation (the number 0), but there are infinitely many intervals of this propertynamely, all zero-symmetric intervals (lying on the Or+ axis), see Sec. 4 (Fig. 2) , and Fig. 7 below. Subtraction of intervals. This operation, defined as addition of a negation, see Eq. (3), works just like addition, after first mirroring the subtracted interval in the Or+ axis. Fig. 7a shows (a vector construction of) subtraction of intervals -in both u-v and v-u order, cf. Fig. 6 . As it is easily seen, subtraction of intervals does not work like subtraction of ordinary vectors -while midpoints subtract as expected, radii actually add (just like in interval addition). One of the consequences is that while for reals (and vectors) we have always u-u = 0, for thick intervals it is not so. In fact, u-u is always a zero-symmetric interval with radius twice the radius of u, see Fig. 7b . The construction readily suggests an extension of the interval arithmetic to include the points below the Om axis (so-called "improper" intervals). Such an extension has been proposed already by Warmus in the first papers on intervals [41, 42] . An extensive investigation of that extension (with operations defined differently than in the early Warmus proposal) was conducted by Kaucher [14, 15] , hence the name Kaucher arithmetic. Also called directed arithmetic, it is quite well developed theoretically and used in various important applications [28, 38] . In this arithmetic the equation v + x = u has always a unique solution, and certain other problems with the ordinary interval arithmetic can be avoided. 
Multiplication
For representing multiplication in the MR-diagram it is useful to introduce a so-called λ-mapping λ u : Om → Ou from the real number axis onto the radial line Ou of some given interval u. The diagrammatic construction of the mapping is given in Fig. 9 . Some points on the radial lines Ou and Ov are labelled by the numbers that map to these points. The mapping orients the radial lines according to the sign of the midpoint of the interval, hence dividing the radial lines into Ou+, Ou-(resp. Ov+, Ov-)
half-lines, respectively, while the distance of the interval from the origin defines the unit of scale on the respective radial line. Note the fundamental role of the points 1m+ and 1m -for the definition of the mapping, and hence for all subsequent constructions for multiplication (and division) of intervals.
Multiplication by a number. Since rex u = rex a⋅u for any positive real a, while rex u = -rex b⋅u for any negative real b (cf. Sec. 4), the radial line of some interval u is the locus of products of this interval by all real numbers. Hence, as it is easily verified (see Fig. 9 ):
Thus, multiplying an interval u by a number a reduces to finding the value of the λ-mapping (defined by u) for that number. The self-explanatory construction to achieve that is shown in Fig. 10 . 
Multiplication of intervals.
Again, similarly as for addition, multiplication of intervals u and v reduces to finding a hull of products of u by v and v . The basic construction for arguments not containing zero requires two applications of the λ-mapping (i.e., it reduces to two multiplications of an interval by a number according to Fig. 10 ), and is shown in Fig. 11 . When at least one of the intervals contains zero, the product lies on the higher of the radial lines of the multiplicands, that is on the one with higher value of |rex|. In this case it is enough to apply the λ-mapping once, and the hull operation becomes trivial (provided we multiply in proper orderstarting from drawing of a radial line for the interval with higher value of the function |rex|, i.e., for the interval lying above the radial line of the other interval), see Fig. 12a . The case of this "simplified multiplication" is covered by the following:
Proposition 2. Whenever v contains zero (i.e., |rex v| ≥ 1) and the radial line of v lies above that for u (i.e., |rex v| ≥ |rex u|), the product v · u depends only on one endpoint of u and lies on the radial line of v, that is, it is equal to a product of v and one of the endpoints of u, according to (see Fig. 12b, c) : Demonstration. For u without zero, an immediate demonstration is given by the diagram in Fig. 12a (or symmetrically analogous diagram for u ¡ ≤ 0). This is so because in this case the radial line Ov makes with the Om axis an angle larger than 45° and the λ-mapping of both u and u will lie on the same side of the Or axis. Thus, always one of the intervals u · v or u · v (that lying higher than the other) will contain the other one, so that the hull of them will be equal to that higher interval (see Sec. 4, Fig. 4 ).
For u containing zero, the demonstration is more complicated, see Fig. 12b , c (for u ¡ ≤ 0). Fig. 12c shows two cases, depending on the slope of the line BC (from u to v · u) -whether it is larger or smaller than 45°. The main course of the demonstration goes the same way for both cases, though.
Demonstrating the validity of Eq. (4) Thus, it remains to show that when u lies on Ov, the point u · v lies at most at the ub-line. Indeed, the following argument (see Fig. 12c ) shows that when u lies on Ov, the u · v point (C′ in Fig. 12c ) lies exactly on the ub-line of u · v (CP in Fig. 12c) . Namely: ∆OBu ~ ∆OB′u′ -as above (recall that angles ∠OBu and ∠OB′u′ are both 45°).
Therefore:
OB OC OB OC = ′ ′ -as corresponding pairs of sides in similar triangles;
OB Ou OB Ou = ′ ′ -as above.
Thus, dividing the above by sides:
which means that CC′ ||uB′, thus ub C = ub C′ and, in consequence, ub(v · u) = ub( u · v). Whenever u < B′ (i.e. u moves towards Q), C′ will move towards u′, which means ub C < ub C′, hence
, as expected (see Fig. 12b ).
H
Remark. Note certain characteristic features of the diagrammatic demonstration given above, shared by many proofs of that kind:
• There are several structurally distinct types of diagrammatic configurations representing the situation described by the theorem to be proved, leading naturally to the proof by cases.
• Proofs of some of these cases are immediate (follow directly from the diagram, see Fig. 12a for the case of u without zero). Some of the more formally-minded readers might ask here for more convincing arguments that the immediacy offered by the diagram is not based on some sloppy or deceptive drafting, mocking the eye to draw out improper conclusions. However, the art of spotting and avoiding such tricks is quite easy to learn, just like spotting those hidden cases of dividing by zero or improperly taking square roots that are used in the numerous textual "proofs" that 2·2 = 5 and the like.
• Some diagrammatic arguments are based on analysing how the diagram may change when some parameter is varied. Thus, the diagrammatic proofs can be made easier and more effective with the use of interactively animated diagrams -a challenge to developers of software for doing mathematics on a computer! Similarly as for addition, the construction of Figs. 11 and 12 does not work for multiplication of reals. For them other simple constructions can be used, as demonstrated in the report [22] . The generic version of the construction is shown in Fig. 13 here, as it will be needed in further considerations. 
e., the last step of the construction for interval multiplication. However, the construction for actually obtaining the product of a given interval by a given number (the λ-mapping), and all the other steps of the construction did not appear there. Using the construction for interval multiplication (Figs. 11 and 12 ), we can easily construct a diagrammatic solution to the equation. For v without zero, the construction is shown in Fig. 14 , respectively for u also not containing zero (Fig. 14a) , and for u containing zero (Fig. 14b) . Fig. 14c shows the case when the solution does not exist. One can spot the analogy with the case of the v + x = u equation (Fig. 8 ), but this time solution does not exist when u lies below the radial line of v. It is confirmed by the case with v containing zero (construction of the diagram is left for the reader -or see [22] ). Moreover, when both v and u contain zero and lie on the same radial line (i.e., |rex v| = |rex u|), the solution is not unique -there is actually a set of solutions X = which constitutes a segment of the diagonal line with endpoints x m on the Om axis and x r on the radial line Ov = Ou, as defined by:
Demonstration. The condition for the existence of solutions follows immediately from Fig. 14 (see also the report [22] ), as summarised in Fig. 15 . The formulas (5) can be easily derived using Fig. 16 . Namely, we have immediately v ⋅ x m = u, hence: 
Since v and v are real numbers, and v = v ¡ -v and v = v ¡ + v (see Sec. 2), we have: dimensional cases in various applications [25, 38] . Diagrammatic representation and analysis of such solution sets will be the subject of a separate work (but see also the last subsection of Sec. 5.3 below). 
Inverse and division
Division of intervals is usually defined in terms of an inverse (or reciprocal) of an interval, see
Eq. (3). This calls for a construction of an inverse of a number. There are several possible constructions for that (see the report [22] for examples). Two of them are presented in Fig. 17 . They are direct adaptations of the construction of Fig. 13 for multiplication of reals, since b = 1/a when ab = 1, so we simply seek such a b that its product with the given a equals 1. For that we may either use the upper (Fig. 17a) or lower (Fig. 17b ) endpoint of some auxiliary interval. here the negation of the λ-mapping (see Fig. 18a ), taking advantage of the fact that sgn u = sgn (1/u). In the above, it was assumed that 0 ∉ u. When u is over zero, one can still invert its endpoints, and construct the interval v = [1/ u , 1/ u ] (see appropriate diagrams in the report [22] ). However, the interval v cannot be considered an inverse of u in the sense of Eq. (3), as it contains all those real numbers that are not inverses of any m ∈ u. The true inverse of an over-zero u is not an (ordinary) interval, but a set comprising two half-lines: from -∞ to 1/ u and from 1/ u to +∞ (or one of these for a zero-endpoint interval). Such a set, called an "exterval," or "Kahan interval," belongs to the extension of interval arithmetic called Kahan arithmetic [13, 27] (to be formulated diagrammatically in a separate work).
Division of intervals.
This operation can be represented simply as multiplication by an inverse. The construction based on that approach becomes a little involved, though, and is omitted here (see the report [22] ). A much simpler construction exists, see Fig. 19 . Its justification, though, is not so straightforward, and is given (for the basic case of both arguments being positive) by the following: and their diagrammatic analysis will be the subject of another paper.
Conclusions
The diagrammatic representation for a space of intervals (the MR-diagram described in the paper) It is conjectured that the proposed diagrammatic representation might have analogous impact on the development of interval arithmetic research as the complex-plane diagrams had on the development of complex analysis in the past [30] .
